In this work, we study the fractional order Lane-Emden differential equations by using the reproducing kernel method. The exact solution is shown in the form of a series in the reproducing kernel Hilbert space. Some numerical examples are given in order to demonstrate the accuracy of the present method. The results obtained from the method are compared with the exact solutions and another method. The obtained numerical results are better than the ones provided by the collocation method. Results of numerical examples show that the presented method is simple, effective, and easy to use.
Introduction
The fractional differential equations of various types plays important roles and tools not only in mathematics but also in physics, control systems, dynamical systems and engineering to create the mathematical modeling of many physical phenomena. As is well known, the Lane-Emden differential equations are important for mathematical modeling [] . Therefore, the goal of our manuscript is to research the effectiveness of reproducing kernel method (RKM) to solve fractional differential equations of Lane-Emden type. To demonstrate this, we solve several examples in the succeeding sections. We consider the following equation:
with the initial conditions
where  < t ≤ , k ≥ ,  < α ≤ ,  < β ≤ , A, B are constants, f (
t, y) is a continuous real valued function and g(t) ∈ C[, ] [].
Lane-Emden differential equations are singular initial value problems relating to second order differential equations (ODEs) utilized to model successfully several real world phe-nomena in mathematical physics and astrophysics. The Lane-Emden equation describes plenty of phenomena including aspects of stellar structure, the thermal history of a spherical cloud of gas, isothermal gas spheres, and thermionic currents. We recall that the ordinary Lane-Emden equation does not always give a correct description of the dynamics of systems in complex media. Thus, in order to bypass this obstacle and to better describe the dynamical processes in a fractal medium, numerous generalizations of Lane-Emden equation were suggested. Thus, taking into account the memory effects are better described within the fractional derivatives, the fractional Lane-Emden equations are extracting hidden aspects for the complex phenomena they described in various field of the applied mathematics, mathematical physics, and astrophysics [, ].
Fractional The theory of reproducing kernels [] , was utilized for the first time at the beginning of the th century by Zaremba in his work on boundary value problems. Recently, much attention was devoted to the further investigations of RKM in order to be applied to various scientific models. Since RKM accurately computes the series solution it is of great interest for applied sciences. The method provides the solution in a rapidly convergent series with components that can easily be calculated. In [] an overview of RKM is shown. For more details of this method the reader can see [-] .
The organization of the manuscript is as follows. Section  gives the basic theorems of fractional calculus. Section  introduces several reproducing kernel spaces. The representation in o   [, ] and a related linear operator are presented in Section . Section  exhibits the main results. The exact and approximate solutions of ()-() are given in this section. We verify that the approximate solution converges uniformly to the exact solution. Two examples are shown in Section . Some conclusions are given in the final section.
Preliminaries
Definition  [] The left and right Riemann-Liouville fractional derivatives of order α of h(t) are given as
The left and right Caputo fractional derivatives of order α of h(t) are
α is a positive real number, n is the integer satisfying n - ≤ α ≤ n, and is the Euler gamma function.
3 Reproducing kernel functions
Definition  [] A Hilbert space H which is defined on a non-empty set F is called a reproducing kernel Hilbert space if there exists a reproducing kernel function
The inner product and the norm in
and
The space   [, ] is a reproducing kernel Hilbert space. The reproducing kernel function T t of this space is given as
Theorem . The reproducing kernel function V y of the reproducing kernel Hilbert space
and  ≤ y ≤ . By using Definition  and integration by parts, we get
After substituting the values of
y () into the above equation we conclude that
This completes the proof. 
Model problem ()-() alters to the problem
after homogenizing the initial conditions.
Theorem . The linear operator A is a bounded linear operator.
Proof We should prove Aζ
, where N >  is a positive constant. By making use of () and (), we get
By the reproducing property, we conclude that
Therefore, we get
where N  >  is a positive constant. Thus, we obtain
where N  >  is a positive constant. Thus, we obtain
where
Exact and approximate solutions
Let us put i (t) = T t i (t) and η i (t) = A * i (t), where A * is conjugate operator of A. The or-
Proof We recall that
. Therefore, (Aζ )(t) =  and ζ ≡ . This completes the proof.
Theorem . If ζ (t) is the exact solution of (), then we have
Proof We know
from (). By uniqueness of the solution of (), we obtain
This completes the proof.
The approximate solution ζ n (t) is obtained as
Proof Let us prove the convergence of ζ n (t). We have
from the orthonormality of {η i } ∞ i= . Thus, we get
i.e.,
In virtue of
If n = , then we get
If n = , then we have
It is obvious from () and () that
By induction, we conclude that
Using the convergence of ζ n (t) and Lemma . gives (Aζ )(y) = z y, ζ (y) ,
i.e., ζ (t) is the solution of () and
is monotonically decreasing in n.
Proof We obtain
by () and (). Therefore, we have
Numerical experiments
Two examples are given in this section. A comparison of the absolute errors is shown in Tables  and . 
